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Abstract
The Nambu–Jona-Lasinio model (NJL) is extended to incorporate heavy
quark spin-symmetry. In this model baryons containing one heavy quark
are analyzed as bound-states of light baryons, represented as chiral solitons,
and mesons containing one heavy quark. From related studies in Skyrme
type models, the ground-state heavy baryon is known to arise for the heavy
meson in a P–wave configuration. In the limit of an infinitely large quark
mass the heavy meson wave-function is sharply peaked at the center of the
chiral soliton. Therefore the bound state equation reduces to an eigenvalue
problem for the coefficients of the operators contained in the most general P-
wave ansatz for the heavy meson. Within the NJL model a novel feature arises
from the coupling of the heavy meson to the various light quark states. In this
respect conceptual differences to Skyrme model calculations are discovered:
The strongest bound state is given by a heavy meson configuration which is
completely decoupled from the grand spin zero channel of the light quarks.
PACS numbers: 12.39.Hg, 12.39.Fe, 12.39.Ki.
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I. INTRODUCTION AND MOTIVATION
Recently, there has been considerable attention given to properties of hadrons containing
a single heavy quark with mass,MQ, much larger than the typical scale of strong interactions,
ΛQCD. Henceforth these particles will be referred to as “heavy hadrons”. These “heavy
hadrons” are frequently described within the heavy quark effective theory (HQET) [1,2],
which represents a 1/MQ expansion of the heavy quark content of QCD. The heavy quark
effective Lagrangian is set up from the heavy quark transformation
Q(l,s)v (x) =
1± v/
2
exp (iMQv · x)Q(x), (1)
which disentangles the large (l) and small (s) components of the heavy quark spinor, Q(x).
In eq (1), vµ refers to the velocity of the heavy quark spinor which, e.g. in its rest frame
takes the form, vµ = (1, 0). The Dirac operator for the large component is expanded as
v · D + O(1/MQ). Since the leading order term commutes with the quark spin operator,
heavy mesons differing only by their spins, as e.g. pseudoscalar and vector mesons, are
degenerate in the heavy quark limit, MQ → ∞. The empirical spectrum of heavy mesons
[3], mD = 1.87GeV ≈ mD∗ = 2.01GeV and mB = 5.28GeV ≈ mB∗ = 5.32GeV represents
the most convincing evidence of the heavy quark symmetry1. This degeneracy is in contrast
to the spectrum of mesons containing only light quarks. Here the pseudoscalars are much
lighter than the vector mesons. This is understood by interpreting the light pseudoscalar
mesons as the would–be Goldstone bosons of spontaneous chiral symmetry breaking.
The incorporation of the heavy quark symmetry into effective meson theories is accom-
plished by introducing the heavy meson field, Halh, in the heavy quark rest frame [4]. Here,
l and h denote the light and heavy quark spins respectively, while a = u, d refers to the
isospin of the light quark. This field contains pseudoscalar (P a) and vector (V aµ ) mesons on
equal footing [4],
Halh = iP aδlh + σilhV ai . (2)
According to the heavy quark symmetry the heavy spin index (h) decouples completely in
1See [2] for further manifestations of the heavy quark symmetry.
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effective theories2. The interactions ofHalh with the light mesons proceeds via the light quark
indices (l, a) and is governed by chiral symmetry. Such effective models have been employed
to not only study the properties of heavy mesons, (spectrum, form factors, weak decays)
[1,2] but also the spectrum of heavy baryons [5–10]. In this context the soliton picture for
baryons is commonly adopted. Within this approach the baryon number is carried by a
solitonic configuration of the light meson fields. Heavy baryons emerge when a heavy meson
is bound in the background of this soliton. This picture relies on the bound state approach
to strange baryons initiated by Callan and Klebanov [11,12]. The main difference here is
that for the heavy meson both the pseudoscalar and vector meson degrees of freedom have
to be taken into account as a consequence of the above mentioned degeneracy. A continuous
transition from the hyperons to the heavy baryons containing c– or b–quarks instead of an
s–quark suggests a P–wave configuration for the bound meson.
In the heavy quark limit the heavy meson wave–function, Halh, is confined to the center
(r = 0) of the soliton. For a quantitative determination of this effect it is necessary to take
into account the interaction amongst the heavy quark degrees of freedom before performing
the transformation (1) [9]. However, to leading order in the 1/MQ expansion it is consistent
to investigate the interaction of a strongly peaked heavy meson wave–function and the light
quark degrees of freedom while henceforth discarding that part of the action which only
describes heavy quark degrees of freedom. Up to O(1/MQ) corrections the binding energy
of the heavy baryon is thus determined by the properties of the soliton at r ≈ 0 [5–7]. In
that case the bound state equation reduces to an eigenvalue problem for the coefficients of
the operators in the general P–wave ansatz for Halh.
Here we study such bound systems within the Nambu–Jona-Lasinio (NJL) model [13]
extended to incorporate heavy quark symmetry [14]3. In contrast to Skyrme type models the
soliton in the NJL model contains components of non-vanishing grand spin. The grand spin
is the vector sum of total angular momentum and isospin, G = J +τ/2. The appearance of
additional modes is due to the quark sub-structure of the soliton and leads to a novel coupling
scheme between the heavy meson and the soliton as will become clear in the course of this
2Note that in the rest frame of the heavy quark the time component of the vector field is suppressed
in the heavy quark limit by virtue of the Proca–type equation of motion.
3Similar studies have been carried out in ref [15].
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paper. In particular, the largest binding energy is obtained for a heavy meson configuration
which completely decouples from the grand spin zero channel of the light quarks.
In section 2 we review the extension of the NJL model to include heavy quarks. In
section 3 the bound state wave–function of the heavy meson in the background of the
soliton in the NJL model is constructed. The numerical results are presented in section 4
and concluding remarks are contained in section 5. Some technical details are relegated to
an appendix.
II. HEAVY QUARKS WITHIN THE NJL MODEL
In NJL-type quark models the interaction Lagrangian is given by a four quark contact
term. The heavy quark symmetry is incorporated by only taking into account the large
component Qv ≡Q(l)v which is defined in eq. (1). Furthermore, that part of the Lagrangian,
which only contains heavy quarks, Q, is discarded. We refer to ref [14] for the explicit form of
the four quark interaction between the heavy and light quarks. Following the path integral
bosonization procedure [16], a composite field, H , is introduced such that the Lagrangian is
bilinear in the quark fields,
Lhl = Q¯v(iv ·∂)Qv − Q¯vHq˜ − ¯˜q H¯Qv + 1
2G3
tr(H¯H), (3)
where q˜ denotes the Dirac spinor of the light quarks in the chirally rotated representation
q˜ = Ωq [17]. Denoting by ξ the root of the chiral field, U = ξξ in unitary gauge, we have Ω =
ξ+ξ†+
(
ξ − ξ†
)
γ5. The second and third terms in eq. (3) represent the interaction between
the heavy and light quarks which is mediated by the heavy meson field, H = (Hu, Hd) [4]
Ha =
1
2
(1 + v/)(iγ5P
a + V/ a), H¯a = γ0H
†aγ0
vµ→(1,0)−→

 0 0
Ha 0

 , a = u, d. (4)
Finally the last term in eq. (3) is purely mesonic. The coupling constant G3 stems from the
four quark interactions between the heavy and light quark fields. In eq. (3) only the leading
terms of the 1/MQ expansion have been maintained. Therefore, the kernel (iv ·∂) for Qv is
that of a massless non-relativistic particle. Integrating out the fermion fields yields
A = AF + A
l
m + A
h
m,
AF = TrΛ log D,
Ahm =
1
2G3
∫
d4x tr
(
H¯H
)
. (5)
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The functional trace stems from the path–integral over all quark fields and involves the
inverse propagator,
D =

 iD/
′
l −H¯
−H iv · ∂

 , iD/ ′l = ΩiD/ l Ω† = Ω
(
i∂/−m(U)γ5
)
Ω† , (6)
which acts on the light-heavy spinor

 q˜
Qv

. Here m denotes the light quark constituent
mass. As a consequence of the chiral rotation and the omission of the light (axial) vector
mesons, the light meson fields only appear in Alm. Its explicit form may e.g. be found in
ref. [17]. Finally, D/ l refers to the Dirac operator for the light quarks, u, d and describes
the interaction between these quarks and soliton constructed from the light mesons which
in turn are quark composites. The explicit form of D/ l will be presented in section 3.
In eq. (5) we have already indicated the need for regularization. For the ongoing dis-
cussion we will employ Schwinger’s proper-time regularization [18]. In the NJL model this
implies a continuation to Euclidean space (τ = x4 = ix0). This defines the Euclidean Dirac
operator DE and the Euclidean action A
(E)
F = TrΛ logDE. Subsequently, its real part is
replaced by a parameter integral
ARF =
1
2
TrΛ logDED
†
E = −
1
2
∫ ∞
1/Λ2
ds
s
Tr exp
(
−sDEDE †
)
, (7)
with the high momentum contribution chopped off. The imaginary part,
AIF =
1
2
Tr logDE(D
†
E)
−1 (8)
is finite and remains unchanged. After computing the functional trace the action is continued
back to Minkowski space. To adjust the model parameters we demand the physical pion
mass and decay constant, mπ = 135MeV and fπ = 93MeV, respectively. Then all but
one parameter of the light quark sector are determined [16,19]. For transparency this is
commonly chosen to be the constituent quark mass, m. Subsequently, the heavy quark
coupling constant, G3, is fitted to the B-meson decay constant fB ≈ 180MeV as estimated
from lattice QCD [20] and QCD sum rules [21]. Since the present treatment closely follows
the computation of ref. [14] we dispense with further details although one remark is in order.
As mentioned above, the light (axial) vector mesons are omitted in the present study. As a
consequence of the missing π− a1 mixing the relation between fπ and Λ is modified whence
reducing the numerical value of Λ. This also effects the prediction for G3. We display the
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resulting values in table I. For the system without the light (axial) vector mesons we have
re-evaluated the binding energy, EM = m − △M , of the heavy meson by determining the
root, △M of the Bethe-Salpeter equation for the heavy meson field H . For simplicity we
expand this Bethe-Salpeter equation in powers of v · p, with pµ = Pµ − MQvµ being the
residual four-momentum of H . The coefficients in this expansion depend on the proper-time
cut-off, Λ. It turns out that the expansion in v · p converges less rapidly than in the model
with light (axial) vector mesons. An expansion up to at least cubic order proved necessary
to gain reliable results. In table I we present the predicted root, △M , and the binding
energy, EM . These results were obtained from an expansion up to fifth order in v · p. The
analytic form of this expansion is provide in the appendix cf. eqs (24) and (25). Apparently
the binding energy increases with the constituent quark mass. It should be stressed that
these results correspond to the leading order of the 1/MQ expansion.
Eq. (6) shows that only the residual momentum, pµ, is affected by the regularization
as a consequence of the heavy quark transformation (1). This is physically meaningful and
crucial for a consistent interpretation of the model. Indeed, the residual momentum of the
heavy quark in a hadron containing a single heavy quark arises entirely from its interaction
with the light degrees of freedom (in this case light quarks) and is thus cut off at the same
scale Λ. Note that the cut–off Λ is significantly smaller than the c– or b– quark masses (cf.
table I).
III. BARYONS WITH A HEAVY QUARK
Before describing heavy baryons as bound systems it is appropriate to briefly explain
the emergence of the soliton. When integrating out the light quarks an energy functional
for the light meson fields can be extracted [22,19] by first defining the one–particle Dirac
Hamiltonian, h, from iβD/ l = i∂t − h , cf. eq (6). Adopting the hedgehog ansatz for the
chiral field U = exp (iτ · rˆΘ(r)) this Hamiltonian reads h = α·p+mβ (cosΘ + iγ5τ · rˆsinΘ).
The total energy functional is expressed in terms of the eigenvalues, ǫµ, of h. Formally it is
composed, respectively, of valence, vacuum, and meson contributions
Etot[Θ] = NCηval|ǫval|+ NC
2
∑
µ
∫ ∞
1/Λ2
ds√
4πs3
e−sǫ
2
µ +m2πf
2
π
∫
d3r (1− cosΘ(r)) . (9)
Here NC = 3 is the number of color degrees of freedom. Furthermore, ηval denotes the
occupation number of the valence quark level. This level is defined to be the one with
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the smallest module |ǫµ|. Its occupation number is adjusted to describe a configuration
possessing unit baryon number, i.e. ηval = 1 + (1/2)
∑
µ sgn(ǫµ). Finally the chiral angle,
Θ(r) is self–consistently determined by minimizing Etot [23,19].
In order to compute the binding energy of the heavy meson in the soliton background
the bosonized action (5) is first expanded up to the quadratic order in the meson field,
H(r, t) =
∫
(dω/2π) H˜(r, ω) exp(−iωt)
A
(2)
hl =
∫
dω
2π
{
2π
NCG3
tr
( ¯˜HH˜)− ηval 〈val|Ω†β
¯˜HH˜Ω|val〉
ω + ǫval
−∑
µ
〈µ|Ω†β ¯˜HH˜Ω|µ〉RΛ(ω, ǫµ)
}
, (10)
where the arguments (r, ω) of the heavy fields have been omitted. In analogy to the static
energy functional (9) this part of the action is composed of a purely mesonic piece as well
as valence and vacuum contributions. The regularization function, RΛ is obtained as an
expansion in the frequency ω
RΛ(ω, ǫ) =
1
2ǫ
(
1− sgn(ǫ) erfc
(∣∣∣∣ ǫΛ
∣∣∣∣
))
− ω
2ǫ2
(
1− sgn(ǫ)
)
+
ω2
2ǫ3
{(
1− sgn(ǫ) erfc
(∣∣∣∣ ǫΛ
∣∣∣∣
))
− 2Λ√
πǫ
(
1− e−ǫ2/Λ2
)}
+ . . . . (11)
This expansion is equivalent to the one in terms of v·p for the meson sector. For completeness
we list RΛ up to fifth in the appendix, cf. eq (27). It is not surprising that this result for
A(2) can equivalently be obtained from the expression found for the fluctuations of kaon
fields in the background of the NJL model soliton [24] once the eigenenergies for the strange
quark levels are set to zero. We note that in the unregularized formulation only the negative
energy states contribute to the vacuum part of A(2) because
lim
Λ→∞
RΛ(ω, ǫ) =
1
2
1− sgn(ǫ)
ω + ǫ
. (12)
In the many body interpretation of the functional integral, AF , one would phrase this result
such that in the limit Λ → ∞ only the occupied quark orbits couple to the heavy meson.
The unregularized expression (12) may independently be derived when considering
A
(2)
hl (unreg.) = Tr
{
(iD/ l)
−1 H¯GvH
}
(13)
in Minkowski space. Here
Gv(t, t
′) = 〈t| (i∂t)−1 |t′〉 = lim
η→0
∫
dk
2π
e−ik(t−t
′)
k + iη
(14)
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denotes the non–relativistic propagator in the heavy quark rest frame. However, the reg-
ularization is unavoidable since
∑
µR∞(ω, ǫµ) diverges logarithmically. Nevertheless, the
limit (12) serves as an independent check on our computations. From the expression (12)
it also becomes apparent that the total action (10) is continuous as the energy eigenvalue
associated with the valence quark orbit changes its sign.
Next we study the coupling of a grand spin 1
2
, P–wave heavy meson to the soliton. Such
a configuration can be expressed in terms of three radial functions [9]
H˜alh(r, ω) = rˆ · τ ab
{
uA(r, ω)δlhδ
bc + uB(r, ω)τ
bc · σlh + uC(r, ω)rˆ · τ bcrˆ · σlh
}
χc. (15)
Here χa denotes a (constant) isospinor. One might have expected the appearance of three
different isospinors. However, such an ansatz is waived because it is not an eigenstate of the
grand spin projection operator. Skyrme model studies [8] also indicate that the light grand
spin, which is defined as the grand spin of the operator multiplying χ, has to vanish for the
meson configuration with the largest binding energy. In the heavy quark limit the binding
energy of this heavy meson is determined by the potential it experiences at the center of
the soliton, r = 0. In order to extract this potential it is convenient (and consistent) to
adopt radial functions in eq (15) which are non–vanishing only at r = 0. Consequently, the
heavy meson field only couples to quark levels, which have non–vanishing radial functions at
r = 0. As can be seen from the decomposition (4) and the coupling scheme exhibited in the
Lagrangian (3), these non–vanishing radial functions must occur in the lower components
of the light quark fields. At first sight this appears to be surprising because the lower
component of the valence quark eigenfunction happens to vanish at r = 0. However, one
has to be aware of the fact that the heavy meson couples to the light quark states via
the chiral rotation, which is off–diagonal at the origin in the presence of the soliton since
Θ(r = 0) = −π,
Ω(r = 0) =

 0 iτ · rˆ
iτ · rˆ 0

 , (16)
allowing the valence quark to couple to the heavy meson. In addition to the channel with
grand spin zero, which includes the valence quark orbit, only the channel carrying grand
spin one contains states, which do not vanish at r = 0.
Carrying out the angular integrals as well as the flavor and Dirac traces finally yields
the action as a function of the values which the meson wave–functions in eq (15) assume at
r = 0. Denoting these by A(ω), B(ω) and C(ω), respectively, we find
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A
(2)
lh = −
1
2
∫
dω
2π
(
χ†χ
) (
A∗(ω), B∗(ω), C∗(ω)
)
G(ω)


A(ω)
B(ω)
C(ω)

 . (17)
The inverse propagator is a 3× 3 matrix
G(ω) = 8π
NCG3


1 0 0
0 3 1
0 1 1

+ f0(ω)


1 −3 −1
−3 9 3
−1 3 1

+ f1(ω)


3 3 1
3 3 1
1 1 3

 . (18)
Denoting by gµ(r) the radial parts of the upper components of the light quark wave–
functions, which are eigenstates of h, the spectral functions are expressed as4
f0(ω) = ηval
|gval(0)|2
ω + ǫval
+
∑
µ,G=0
|gµ(0)|2RΛ (ω, ǫµ) ,
f1(ω) =
∑
µ,G=1
|gµ(0)|2RΛ (ω, ǫµ) . (19)
The sums refer to distinct quark grand spin (G) channels.
The equation of motion for the heavy meson reduces to a homogeneous matrix equation
for A,B and C. Its solution requires adjusting ω to ω0 such that G(ω0) possesses vanishing
eigenvalues. It is easy to show that there exist two distinct solutions to this problem
(1) :
2π
NCG3
+ f0(ω0) = 0, with (A,B,C) ∝ (1,−1, 0) , (20)
(2) :
2π
NCG3
+ f1(ω0) = 0, with (A,B,C) ∝ (3 + ζ, 1, ζ) . (21)
The vectors of set (2) obviously span a two dimensional vector space causing the associated
eigenstates to be degenerate. The set (1) decouples from the G = 1 states while the set (2)
is annihilated by the G = 0 states. In particular, the set (1) corresponds to the bound state
wave–function found in the heavy quark limit of properly extended Skyrme type models [8]
Halh(Skyrme) = u(r) (rˆ · τ )al
(
τ 2hh′χh′
)
=
u(r)
2
{rˆ · τ (δlh − τ · σlh)χ}a . (22)
The interpretation of this situation is obvious: If the background soliton field contains only
G = 0 states, as it is the case in Skyrme type models, the only solution will be given by
the set (1). However, if also G = 1 states are present an alternative solution will exist.
4The single quark wave–functions, gµ, carry the dimension (energy)
3/2.
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The soliton dynamics, from which the spectral functions f0 and f1 are computed, then
determines which of these two modes, (1) or (2), leads to a larger binding and therefore has
to be interpreted as the lightest baryon containing a heavy quark.
IV. NUMERICAL RESULTS FOR THE HEAVY BARYON
In analogy with the meson sector we have expanded the regularization function, RΛ(ω, ǫ),
(11) up to fifth order in the frequency ω. In figure 1 the resultant frequency dependence of
the spectral functions (20) and (21) is shown for the special case m = 400MeV. As a result
of the heavy quark transformation (1) the threshold for the (unphysical) decay of the heavy
meson into a quark–antiquark pair is given by the energy of the lowest accessible light quark
state. Therefore a singularity appears at ω ≈ −ǫval for the mode coupling to the G = 0
channel, while the radius of convergence is much larger in the case of the G = 1 one channel.
The latter mode apparently leads to a smaller eigenfrequency, ω0.
The total energy of the system consisting of the soliton and the bound meson is given
by MQ + Etot + ω0. As the total energy of the heavy meson in the trivial background
is MQ + △M the binding energy of the heavy baryon becomes EB = △M − ω0. This
binding energy is measured with regard to a decay into a soliton and a heavy meson. When
increasing the heavy quark coupling constant, G3, the curves shown in figure 1 get shifted
downwards by a constant amount. Hence the roots decrease and the binding energies of the
baryon states containing a heavy quark become larger when the coupling gains strength.
Obviously, a heavy baryon constructed from an eigenmode of type (2) is more strongly
bound than a type (1) heavy meson. In table II the predicted roots, ω0, as well as the
associated binding energies, EB, of the heavy baryon are presented. For the modes of type
(1) the eigenfrequency acquires a maximum for m ≈ 500MeV. Since △M increases with
the constituent quark mass, m, the binding energy for the associated heavy baryon exhibits
almost no variation for m ≤ 500MeV. When m is further increased the eigenfrequency
decreases leading to a larger binding energy. This behavior of ω0 is due to the decrease of
ǫval when m grows. On the contrary, the eigenfrequency corresponding to the eigenvectors
of type (2) appears to be a quickly, monotonously decreasing function of m. This causes the
binding energy of the corresponding heavy baryon to significantly increase with m. Since
studies in the light quark sector of the NJL model favor 400MeV ≤ m ≤ 450MeV [19]
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the results displayed in table II suggest the interpretation that the NJL model predicts the
baryon with one heavy quark to have a binding energy of about 560MeV in leading order
of the 1/MQ expansion. A less strongly bound state is obtained possessing about half of
that binding energy. As discussed above the latter state corresponds to the one which is
identified as the most strongly bound baryon in Skyrme type models. In this context it has
to be remarked that a state associated with the mode (2) does not appear in Skyrme type
models because in those models the background soliton is a pure G = 0 configuration. If the
NJL model soliton had contained no G = 1 components the most strongly bound baryon
would have been of the same structure as in purely mesonic soliton models.
As in the bound state approach [11] heavy baryon states with good spin and isospin are
generated by canonically quantizing the collective isospin rotation, A(t), of the meson fields.
This adds a term of the form Citr(χχ
†A†(t)A˙(t)) to the action. The index i = 1, 2 refers
to the distinct sets in eqs (20,21). The time derivative of the collective rotation defines the
angular velocity ω via A†(t)A˙(t) = (i/2)ω · τ . Empolying (iso)rotational invariance these
coefficients can hence be computed from the matrix elements5 〈µ|τ3|ν〉〈ν|Ω†H†βHΩ|µ〉. As
argued above H only couples to quark states with G = 0, 1. The bound state of set (1) has
non–vanishing matrix elements only for quark levels with G = 0. In that case the matrix
element of τ3 vanishes, hence C1 = 0, in agreement with the Skyrme model results [8]. For
the set (2) there is indeed a coupling when both quark levels (|µ〉 and |ν〉) are from the
Gπ = 1+ channel. We find C2 = C2[(ζ + 2)(ζ + 6)]/[(ζ + 2)2 + 2], where the positive definite
denominator is due to the normalization associated to the metric induced by the coefficient
matrix of f1 in eq (18). Although the collective rotation removes the degeneracy in ζ we will
argue that C2 is negligibly small without going into the details of the calculation. For quark
states (|µ〉 and |ν〉) from the Gπ = 1+ channel the above mentioned matrix elements are
similar to those entering the evaluation of the moment of inertia α2 [22]. As the collective
quantization gives rise to a factor 1/α2, C2 can be estimated by the contribution of the
Gπ = 1+ channel to the total moment of inertia. This contribution is very small because
α2 is dominated by the valence quark level, which resides in the Gπ = 0+ channel, e.g. for
m = 400MeV we find a contribution of only 2%. Hence we conclude that there is (almost)
5For the case of the bound state approach to hyperons these matrix elements have thoroughly
been discussed by Weigel et al. in ref [12].
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no hyperfine splitting in the heavy quark limit. For a finite heavy quark mass this conclusion
should change because H will couple to channels with G ≥ 2 as well.
V. CONCLUSIONS
We have analyzed fluctuations of mesons with a heavy quark in the background of the
NJL model chiral soliton in the leading order of the heavy quark mass expansion. We have
succeeded in showing that at this order the associated Bethe–Salpeter equation possesses
the bound state solution known from Skyrme model studies. We have furthermore seen that
this Bethe–Salpeter equation contains an additional solution which arises from the coupling
of the heavy meson field to vacuum quark states. Also, the novel bound state appears in
degenerate pairs. The actual computation reveals that in the NJL model the novel states are
more strongly bound than those configurations known from the Skyrme model. Although
this certainly represents an interesting feature in its own, future studies are required to find
out whether or not this novel state is an artifact of applying the well–established 1/MQ
expansion to the NJL model. In comparison a few aspects of the Skyrme model calculation
for finite MQ [9,10] are worthwhile to be mentioned. First, the restriction to the leading
order of the 1/MQ expansion has been found to be a somewhat crude approximation to the
realistic cases causing states, which are predicted to be degenerate at leading order, to acquire
distinct binding energies when corrections of subleading order are taken into account. We
assume that a similar mechanism will remove the degeneracy of the novel states in the NJL
model. Second, table (1) of ref [9] shows that the transition from infinite to realistic values
of MQ is indeed continuous. In particular the order of bound states remains unchanged.
Hence one is inclined to conjecture that the novel states persist for finite MQ. Third, not
all bound states, which are predicted within the large MQ limit are permitted for finite MQ
because the limits MQ → ∞ and r → 0 do not necessarily commute. This respresents the
only mechanism which would prohibit the existence of the novel states in the case of finite
MQ. These issues certainly raise interest for generalizing the NJL model studies to finite
MQ. Such studies are considerably more involved because it is crucial to first perform the
heavy quark transformation and to subsequently regularize the functional trace to have a
consistent interpretation of the model.
In practice the binding energies of heavy baryons are measured with respect to the decay
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into a nucleon and the lightest meson containing the corresponding heavy quark. The exper-
imentally observed binding energies are ∼ 613±50MeV and ∼ 625MeV for the ΛB(5641±50)
and ΛC(2285), respectively [3]. It should be noted that these baryons are degenerate in the
heavy quark limit. In reasonable agreement with these data our numerical analysis yields a
binding energy of about 560MeV for the most strongly bound heavy baryon when the only
free parameter of the model is adjusted to reproduce the properties of the light baryons.
The less strongly bound heavy baryon with a predicted binding energy around 250MeV
may eventually be associated with ΛC(2625). This baryon is bound by about (∼ 285MeV)
against the decay into a nucleon and a D–meson. We would like to emphasize that the main
purpose of the present paper was to discuss the novel coupling scheme between the heavy
meson and the soliton rather than to achieve a precise agreement with the experimentally
observed binding energies.
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APPENDIX
In this appendix we will briefly provide the expansions we have been using for the regu-
larization functions, which enter the Bethe–Salpeter equations for the heavy quark meson.
In case no soliton is present these functions are obtained from the quark–loop in the
self–energy, Π(v · p) (cf. eq (47) of ref [14])
tr
[
H¯Π(v · p)H
]
= −iNC
∫ d4k
(2π)4
tr
[
(k/− p/+m) H¯H
]
((k − p)2 −m2) (v · p+ iǫ) . (23)
Again, v denotes the velocity of the heavy quark inside the meson while p labels the mo-
mentum of the meson. We refer to the literature [15,14] on the treatment of this quantity
in Euclidean space and regularization of the quark loop. When v · p is smaller than the
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quark–antiquark threshold, which in the heavy quark limit is idential to the light quark
constituent mass, the self–energy has the Taylor expansion
Π(v · p) =
∞∑
n=0
Π(n)(0)(v · p)n , (24)
where the superscript refers to the deriavtive with respect to v · p. In the proper–time
regularization scheme of ref [14], which actually defines the model, the first five coefficients
of the expansion (24) are
Π(0)(0) =
NCm
2
16π2
{
Γ
(
−1, m
2
Λ2
)
+ 2
Λ
√
π
m
exp
(
−m
2
Λ2
)
− 2π erfc
(
m
Λ
)}
,
Π(1)(0) =
NCm
8π2
{
Γ
(
0,
m2
Λ2
)
+
Λ
√
π
m
exp
(
−m
2
Λ2
)
− π erfc
(
m
Λ
)}
,
Π(2)(0) =
NC
16π2
{
2Γ
(
0,
m2
Λ2
)
+ π erfc
(
m
Λ
)}
,
Π(3)(0) =
NC
16mπ2
{
4
3
exp
(
−m
2
Λ2
)
+ πerfc
(
m
Λ
)}
,
Π(4)(0) =
NC
16m2π2
{(
4
3
+
√
πm
2Λ
)
exp
(
−m
2
Λ2
)
+
π
4
erfc
(
m
Λ
)}
,
Π(5)(0) =
NC
16m3π2
{(
8
15
[
1 +
m2
Λ2
]
+
√
πm
2Λ
)
exp
(
−m
2
Λ2
)
+
π
4
erfc
(
m
Λ
)}
. (25)
We then obtain the binding energy, △M , of the heavy meson by determining the root from
the trunctated expansion and including the contribution from the purely mesonic part of
the action, Ahm, (5)
− 1
2G3
+
5∑
n=0
Π(n)(0)(△M)n = 0. (26)
The decay constant, fH , of the meson with the heavy quark is obtained by coupling external
electro–weak sources [14]. This then relates fH to the field normalization,
√
Π(1)(0)
fH =
1
G3
√
Π(1)(0)MH
(27)
where MH refers to the mass of the heavy meson. Using the B–meson parameters fB =
180MeV and MB = 5.3GeV yields the numerical results for △M and G3 listed in table I.
As the procedure leading to the regularization function RΛ(ω, ǫ) has already been ex-
plained in section 3, it sufficiecs to just list the expansion up to order ω5
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RΛ(ω, ǫ) =
1
2ǫ
(
1− sgn(ǫ) erfc
(∣∣∣∣ ǫΛ
∣∣∣∣
))
− ω
2ǫ2
(
1− sgn(ǫ)
)
(28)
+
ω2
2ǫ3
{(
1− sgn(ǫ) erfc
(∣∣∣∣ ǫΛ
∣∣∣∣
))
− 2Λ√
πǫ
(
1− e−ǫ2/Λ2
)}
− ω
3
2ǫ4
(
1− sgn(ǫ)
)
+
ω4
2ǫ5
{(
1− sgn(ǫ) erfc
(∣∣∣∣ ǫΛ
∣∣∣∣
))
+
4Λ3√
πǫ3
(
1− e−ǫ2/Λ2
)
− 4Λ√
πǫ
}
− ω
5
2ǫ6
(
1− sgn(ǫ)
)
.
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TABLES
TABLE I. The proper–time cut–off, Λ, the heavy quark coupling constant, G3, the root of
the Bethe–Salpeter equation △M , and the heavy meson binding energy, EM as functions of the
constituent quark mass m.
m (MeV) 350 400 450 500 600
Λ (MeV) 641 631 633 642 672
G3 (10
−5MeV−2) 1.53 1.68 1.82 1.94 2.17
△M (MeV) 327 353 369 401 449
EM (MeV) 23 47 81 99 151
TABLE II. The roots, ω0, of the spectral functions (20) and (21) for the heavy meson modes
which couple to the grand spin zero and one quark channels, respectively. EB = △M−ω0 represents
the associated binding energy of the heavy baryon. All data are in MeV.
m 350 400 450 500 600
Set (1) ω0 94 102 113 114 86
EB 233 251 257 287 363
Set (2) ω0 -128 -182 -223 -261 -341
EB 455 535 592 662 790
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Figure Caption
Fig. 1: The spectral functions and their roots for the eigenvectors defined in eqs (20)
and (21). The constituent quark mass has been taken to be m = 400MeV.
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